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Abstract 
As an efficient artificial truncating boundary condition, conformal perfectly matched layer (CPML) is a kind of multilayer 
anisotropic absorbing media. To reduce computing effort of CPML, this article proposes a layer-oriented element integration 
algorithm. In this algorithm, the relative dielectric constant and permeability are considered as constants for each the very thin 
monolayer of CPML, and the element integration of multilayer along the normal direction is substituted by the element integra-
tion of monolayer. The CPML is divided into multilayer elements, whose element matrixes are evaluated by monolayer integra-
tion. Numerical examples show that the layer-oriented element integration algorithm is reliable and the CPML formed with this 
algorithm possesses high-efficient absorbing performance. 
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1ˊIntroduction1 
The perfectly matched layer (PML) concept intro-
duced by J. P. Berenger[l] is an efficient method for 
truncating the unbounded spatial domain to deal with 
the electromagnetic radiation and scattering problems. 
Although the PML approach was originally introduced 
into the finite-difference time-domain (FDTD) method, 
it has been found useful for mesh truncation[2] in the 
finite element method (FEM). It has been shown re-
cently that the artificial anisotropic media with prop-
erly designed permittivity and permeability tensors can 
absorb electromagnetic waves, irrespective of fre-
quency and angle of incidence[3]. M. Kuzuoglu, et al.[4] 
designed the conformal PML (CPML) for the first time, 
which provided an efficient FEM mesh truncation, 
especially for the problems involving electrically large 
antennas and complicated scatterers. Then some other 
versions of CPML suitable for the FEM implementa-
tion were advanced[5-6]. 
For the problem of demanding for large computa-
tional resources such as that for electromagnetic scat-
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tering, the CPML is always a desirable absorbing 
boundary. Generally 6-10 layers of CPML will be able 
to meet the absorbing condition, but more layers may 
be needed for large complicated scatterers. Unfortu-
nately, the layer is so thin that large quantities of ele-
ments are needed for achieving the computational pre-
cision. For the sake of reducing quantity of elements, 
some research works[7-10] are implemented, but this 
problem is still not settled completely. To overcome 
this difficulty, we have developed the layer-oriented 
element integration algorithm. In this algorithm, the 
element integration of multilayer along the normal 
direction is substituted by element integration of 
monolayer, and the geometric and material properties 
of multilayer elements are retained for achieving the 
needed computational precision. 
The contents of this article include the layer-oriented 
element integration algorithm of CPML, algorithmic 
implementation, and numerical examples, which dem-
onstrate both the applicability and effectiveness of the 
algorithm. 
2ˊCPML Formulation 
In this section, we start with reviewing the defini-
tion of the CPML[5] and the relevant expressions are 
presented. 
For the general anisotropic PML, the constitutive 
parameters can be expressed as rP P /  and  H  Open access under CC BY-NC-ND license.
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rH / , in which P is the permeability tensor, P r the rela-
tive permeability, H the dielectric constant tensor, 
rH the relative dielectric constant, and/ the constitu-
tive parameter of PML in tensor form. In the case of a 
CPML, the tensor is expressed as 
2 3 1 3 1 2
1 1 2 2 3 3
1 2 3
s s s s s s
s s s
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Here, the CPML is a smooth convex shell, which 
encloses the scatterer at a small distance. Let S be the 
inner surface of this shell, then for any given point P 
on S the unit vectors u1 and u2 coincide with the prin-
cipal directions and u3 is the unit normal vector. As-
sume that there are local coordinates [1, [2, and [3 
corresponding to the u1, u2, and u3 directions, and ȗ3 
takes the value of zero on surface S, then the surface Sƍ 
formed by the points with their ȗ3 being constants is 
the isometric surface of S at a distance of ȗ3 from S. If 
the principal radii of curvature at point P are given by 
r01 ([1, [2) and r02 ([1, [2), then for the point Pƍ([1, [2, [3) 
on Sƍ will be given by 
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The tensor values in the parentheses of Eq.(1) give 
the geometrical and physical information of the CPML 
as 
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where s is the complex stretching variable along the 
[3-direction. The matrix of /  in local coordinate 
system is given by 
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3ˊLayer-oriented Integration Algorithm 
For 3D electromagnetic scattering with PML ab-
sorbing boundary, the scattering field can be described 
by following vector wave equation 
1 s 2 s
0 r
r
1 ( ) k HP
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0ȁ E E/       (4) 
where E s is scattering electric field, the differential 
perator, k0 the wave number in free space. 
Applying variational principle to Eq.(4), the result-
ing functional expression is written as 
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The functional expression Eq.(5) is discretized by 
finite elements and the formulation of element matrix 
is expressed as 
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where Ni and Nj are vector basis functions. 
The CPML is considered as the multilayer ani-
sotropic absorbing media as shown in Fig.1, in which 
kh is the thickness of kth layer, 1 2 / ,k k kt t h t   
1,k  2," , n, t0 = 1, and 
1
n
k
k
t h
 
 ¦ is the total thickness 
of CPML. So the formulation of kth layer element 
matrix is written as 
1
_ r
2
0 r
( ) ( )d
d (7)
i j k i k j
V
i k j
V
K V
k V
 u u ³³³
³³³
N N
N N
P
H
 
 
where k stands for the kth medium layer, n the number 
of total layers, r rk kP P /  and r rk kH H /  are the 
relative dielectric constant and permeability tensors of 
kth layer CPML, and k/  is defined by the geometric 
parameters of kth layer. 
 
Fig.1  n layers CPML. 
Because the monolayer of CPML is very thin, rela-
tive dielectric constant and permeability can be con-
sidered as constants for each monolayer. We propose 
to simplify the integration formulation of multilayer 
elements along the normal direction. In order to ac-
quire the geometrical and material properties of multi-
layer elements, the CPML is divided into multilayer 
elements and these element matrixes are calculated by 
monolayer integration. The detail of this algorithm is 
described as follows. 
The right hand of Eq.(6) is rewritten as 
11 ( ) ( )dij i j
rV
A VP
 u u³³³ N N/    (8) 
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In Eq.(8), the layer-oriented integration along the 
normal direction is written as 
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where J is 3D isoparametric Jacobi matrix[11]. 
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where wk is the variable along the thickness direction 
of the kth layer CPML. 
Due to the fact that hk is small enough, we can sim-
plify the integration function in Eq.(10) as 
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where kA  is the integrating factor of J on the sur-
face 0kw  . 
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Similarly, the layer-oriented integration formulation 
of Eq.(9) can be obtained. 
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Considering that the electromagnetic field is nonlinear 
distribution along the normal direction of the multilayer 
CPML, the second-order or higher order vector basis 
functions used are essential for achieving the needed 
computational precision. In this article, we employ 
second-order vector basis functions that cost less 
computational effort than that of the higher order vec-
tor basis functions with the same required precision. 
4ˊNumerical Examples 
In order to verify the accuracy and efficiency of 
layer-oriented integration algorithm, we implement 
this algorithm with three typical examples. 
Example 1  A model of metal sphere with diameter 
of 0.666O (O is the length of incident wave), incident 
wave spreading along z-direction, and frequency of 
300 MHz is built (see Fig.2(a)). 
Example 2  A model of metal ellipsoid shell with 
major axis of 1.0O and minor axis of 0.5O, incident 
wave spreading along z-direction, and frequency of 3 
GHz is built (see Fig.2(b)). 
Example 3  A model of metal wing with span 
length of 5.0O , chord length of 2.46O , maximum 
thickness of 0.28O , incident wave spreading along 
x-direction, and frequency of 300 MHz is built (see 
Fig.2(c)). 
In these examples, we employ the curve hexahedron 
vector element suggested in Ref.[12] and the incom-
plete cholesky conjugate gradient (ICCG) method for 
solving the system equations given in Ref.[13]. The 
results are obtained with 512 M memory computer. All 
programs are implemented with FORTRAN90 com-
piling language. 
  In Figs.3(a)-3(d), we have compared computational 
accuracy of the layer-oriented integration CPML with 
that of 6 layers CPML for solving bistatic radar cross 
 
(a) Metal sphere 
 
(b) Metal ellipsoid shell 
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(c) Metal wing 
Fig.2  Finite element models of three examples. 
section (RCS) of these examples under different con-
ditions of mesh scale. T and M are spherical coordi-
nates. Fig.3 suggests that the layer-oriented integration 
CPML is more accurate and reasonable under mesh 
scale of O/50. The main cause is that the normal direc-
tion and principal radius of curvature of CPML are 
calculated more accurately under mesh scale of O/50 
than that under mesh scale of O/20, especially for 
smaller curvature radius domain. 
In Table 1, we have compared the computational 
effort and computation time of layer-oriented integra-
tion CPML with that of 6 layers CPML under different 
conditions of mesh scale. The results show that the 
layer-oriented integration CPML costs much less effort 
and CPU time, and is more efficient than 6 layers 
CPML. 
 
(a) Metal sphere (M =0º) 
 
(b) Metal ellipsoid shell (M =0º) 
 
(c) Forward bistatic RCS of metal wing (M =0º) 
  
(d) Side bistatic RCS of metal wing (T =90º) 
Fig. 3  Bistatic RCS of three examples. 
Table 1  Effort and time of computation 
Example CPML Mesh  scale 
Element 
quantity     Time/s
6 layers O/20 14 880 16.970
1 
Layer-oriented integration O/50 8 542 9.124
6 layers O/20 83 455 112.500
2 
Layer-oriented integration O/50 51 668 70.360
6 layers O/20 180 112 264.300
3 
Layer-oriented integration O/50 117 466 149.200
5ˊConclusions 
To improve the computational efficiency of multi-
layer CPML, this article develops the layer-oriented 
element integration algorithm. Numerical examples 
show that this algorithm is much more accurate for 
solving bistatic RCS with mesh scale compared with 6 
layers CPML with mesh scale, and the former costs 
much less effort and CPU time with the same required 
precision. Therefore, this algorithm is more efficient 
and applicable for the computation of electromagnetic 
scattering than traditional multilayer CPML. 
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